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(-H , §1. Introduction 

■ The Virasoro algebra Vir, playing a fundamental role in two dimensional conformal 
quantum field theory, is the universal central extension of the complex Lie algebra of the 
polynomial vector fields on the circle [1]. The notion of higher rank Virasoro algebras 

^ ' and the notion of higher rank super- Virasoro algebras were introduced in [2,3] and the 
notions of generalized Virasoro and super- Virasoro algebras were introduced in [4]. Kac 



O I [5] conjectured a theorem that a simple Vir-module with finite dimensional weight spaces 

Q I is either a module of the intermediate series or else a highest or lowest weight module. 

This theorem was partially proved in [6,7,8] and fully proved in [9] and then generalized 
^ [ to the super- Virasoro algebras in [10], and was in some sense generalized to the higher 
^ '. rank Virasoro algebras in [11]. In this paper, we shall obtain a similar result for the higher 
rank super- Virasoro algebras, thus completing the proof of the theorem conjectured by 
the author in [3]. In [12,] by using the above mentioned theorem, we gave a theorem on 
^ . indecomposable Vir-modules. Using our result here, we shall have a better understanding 
on the simple modules over the higher rank super- Virasoro algebras and it may be possible 
to give in some extent a classification of the uniformly bounded modules over the higher 
rank super- Virasoro algebras. This is also our motivation to present the result here. 

Let n be a positive integer. Let M be an n-dimensional ^-submodule of (T, and let 
s G (T such that 2s G M. The rank n super- Virasoro algebra (or a higher rank super- 
Virasoro algebra if n > 2) is the Lie superalgebra SVir[M, s] = SViro © SViri, where SViro 
has a basis {L^, c | G M} and SViri has a basis {G^ | G s + M}, with the commutation 



relations 



[L^, U] = (z/ - /u)L^+^ - 5;,+i.,o^(/U^ - At)c, [Lf,, Gr,] = (t] - -^)G'^+r„ 
[Grj, Gx] = 2Lr,+x - 5rj+x,o\ir]'^ - ^)c, [L^, c] = [Gr^, c] = 0, 



:i.i) 
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for //., G M, ?7, A e s + M. Then SViro is the higher rank Virasoro algebra Syir[M]. 
It is proved in [4] that a module of the intermediate series (i.e., a module with all the 
dimensions of the weight spaces of "even" or "odd" part are < 1) over SVir[M, s] is one 
of the three series of the modules SA^^i,, SAa' , SB a' or their quotient modules for suitable 
a,h,a' e (j7, where SAa^i,, SA^' have basis {x^ \ ji e M} U {y^ 1 77 e s + M} and SB a' has 
basis {xr^ 1 77 e s + M} U {y^ \ ji e M} such that c acts trivially and such that 

SAa,h ■ Lu,Xu = (a + 1/ + iJih)x^+,,, L^yr^ = {a + r] + iJ,{b - ^))y^+r, 
Gxx„ = yx+i., Gxyr, = (a + 77 + 2X{b - ^))xx+r, 

SAa' : L^x^ = {u + iJ,)Xf,+u, lyy^O, Lf^vo = ix{n + a>^, L^y^ = {t] + y )l/M+r? 
Gax,, = yx+u, i^T^O, GxXq = (2A + a')yx, Gxyn = iv + >^)xx+'n 

SBa' : L^Xrj = ir] + ^)x^,+r|, L^y^ = vy^+y, v ^ -^u, L^y^^ = -fi{ij, + a')yo, 
GxXrj = yx+v: V 7^ -\ GxX-x = (2A + a')yo, Ga|/^ = I'Xx+u, 

(1.2a) 
(1.2b) 

(1.2c) 

for /i, z/ e M, A, ?7 e s + M. In this paper, we shall prove the following theorem which was 
conjectured by the author in [3] . 

Theorem 1.1. A uniformly bounded simple SVir[M, s] -module is a module of the inter- 
mediate series. 

A SVir[M, s]-module V is called a generalized highest module if it is generated by a 
weight vector v such that there exists a .^-basis B — {di, ...,dn} ol M such that 

n n 

L^v^Gxv^O, WiJ. = J2midieM\{0}, \ = J^mdi e s + M\{Q}, (1.3) 

i=l i=l 
1 

with all coefficients rrii G Ui G "2 ■^+' "^^^ vector v is called a generalized highest weight 
vector. Observe that a lowest weight module over the super- Virasoro algebras (i.e., when 
n = 1) is a generalized highest weight module by this definition. In general, if a module 
V has a weight space decomposition with all the dimensions of weight spaces being finite, 
then we shall call V a weight module. The following theorem generalizes Kac's conjecture 
in some sense. 

Theorem 1.2. A weight SVir[M, s] -module is either a module of the intermediate series 
or a generalized highest weight module. 

Thus the problem of the classification of simple weight modules is reduced to the prob- 
lem of the classification of the generalized highest weight modules. 
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§2. Uniformly bounded modules 

The goal of this section is to prove Theorem 1.1. We shall use induction on the rank of 
M, the results of [11], the structure of modules of the intermediate series defined in (1.2), 
and the defining relations (1.1) to obtain our result. 

Thus suppose that F is a uniformly bounded SVir[M, s]-module. Obviously c must act 
trivially on such a module [3] . Thus we shall ALWAYS omit c in this section. Decompose 
V = ® such that 

SViriV'-^^ C V^'+^\ V'-^ = V^'), where V^'^ ^ {v e V^^ \ Lqv = ^iv}, 
for i,j e For a e (j7, define a submodule 

jxeM AGs+M 

for a e (17. Then y is a direct sum of different V{a). Since we assume that V is simple, we 
have V — V{a) for some a e (j7. Since yW^i g 2Z j^Z are SVir o-modules, by [11, Lemma 
2.1], there exist nonnegative integers N^^\N^^^ such that 

dimV}2is+^c = N^'^ for all /x e M with a + is + /i 0, i ^ 0,1. 

By interchanging V^'^^ with V^^^ if necessary, we always suppose that Ar(o) < iV(i). 

Proof of Theorem 1.1. The result is obvious if N^^^ = 0. Suppose that A^^^^ > 1. If 
n = 1, the result follows from [10]. So assume that n>2. Observe that 

SVir[M, s] ^ SVir[M', s'] <^ 3a eG such that M' = aM and s' - as e M' . 

Thus we can always suppose that 1 e M and furthermore wc can suppose that 1 is a basis el- 
ement of M whenever necessary. So, we can take a .^-basis B = {di = 1, (i2, • • • , c?n-i) dn — 
d] of M such that 

fi-i 

M = Mi0^ci, Mi=^0^^(ii, 2seMi. (2.1) 

Let SVir[Mi , s] be the rank n — 1 super- Virasoro algebra generated by 

{L^,GA|/^eMi,Aes + Mi}. 

For keZZ, let 

= E K+lrf+M® E K+fcrf+A' 

^6Mi A6s+Mi 
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which is a uniformly bounded S Vir [Mi, s] -module. Since Zd fl Mi = {0}, there exists at 
most one k & Z such that a + /cd e Mi . Fix a such that 

a + kd^Mi, yk>ko, (2.2) 

i.e., a+kd+u ^ for all k > ko, u E Mi. First we take k = ko. By inductive assumption, we 
can suppose that Theorem 1.1 holds for the rank n—1 super- Virasoro algebra SVir[Mi, s]. 
Thus there exists a simple SVir[Mi, s]-submodule V[k, 1] of V[k] such that V[k, 1] has the 
form SAa+kd,b in (1-2) (by (2.2), SAa+kd,b is simple), thus, there exists a basis 

{x^\fxeMi}U{yx\Xes + Mi}, (2.3) 

of V[k, 1], such that 

(1.2a) holds for all iJ>,iy & Mi, A, e s -I- Mi with a replaced by a + kd. (2.4) 

Furthermore, among all simple submodulcs of V[k], we choose V[k, 1] to be one such that 
the real part Re(6) of b is minimum. Take a composition series of the SVir[Mi, s]-module 
V[k+1]: 

= V[k + 1,0] C V[k + 1,1] C ■ ■ ■ C V[k + 1,N] = V[k + 1], (2.5) 

for some A^. From this, we can observe that N — N^^^ — N^^\ We shall choose the 
composition series (2.5) such that 

V[k + l,i]/V[k + 1,1-1]^ SAa+^k+i)d,b': (2.6) 

for some b' E G , i — 1, - ■ ■ N, where b' may depend on i. Then, we have 

LaV[k, 1](°) C LaV[k, 1] C LaV[k] C V[k + 1], (2.7) 

where V[k, 1]^°) is the "even" part of V[k, 1]. 
We shall divide the proof into some claims. 
Claim 1. LaV[k, ^ 0. 
Suppose LdV[k, 1](°) = 0. Using the fact that 

m— 2 TO— 2 

i^M+md = n (/^ + ^c^)-' (ad Ld)"^L^, Gs+^,+md = H + A* + |c?)-'(adL<i)"^G,+^, 

i=-i i=-i 

we obtain 

L^+mdV[k, 1]W = Gs+i,+mdV[k, 1]W = 0, V/i e Ml, m > 0. 
Let £i and £2 be the Lie super-subalgebras of SVir[M, s] generated by 

SVir[Mi, s] U {L_a} and {L^+^d, Gs+^^+md \ e M^, m E ^+\{0}}, 
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respectively. Then as space, we have SVir[M, s] = CiQ) £2- By decomposing the universal 
enveloping algebra U{SVir[M,s]) = U{Ci)U{C2): we obtain that 

V = ui/:,)ui/:2)v[k, = ui/:,)v[k, if\ 

From this, we obtain that V^^-^^^^ = for all e Mi, m > 0, i = 0, 1. Thus N ^ 0, 
contradicting the assumption that N — N^^^ > 1. Hence Claim 1 follows. 
Now from (2.5), (2.7), we can take X > to be the integer such that 

LdV[k, 1] ^ V[k + 1,K], but LdV[k, 1] GV[k + l,K + l]. (2.8) 

Furthermore, we can choose (2.5) to be a composition series such that K, defined by (2.8), 
is minimal possible among all composition series of V[k + 1]. Then, we can take 

{x'^eV[k + l,K + lf^\iie M^}, (2.9) 

such that 

{V[k + 1,K + 1]/V[k + 1, X])(°) = span{x; + V[k + 1, Kf^ \ /i e Mj, 
and such that there exist some b' E G and some E with 

LX = {a + {k + l)d + u + iib')x'^_^„ LdX, = a,xl {modV[k + l,Kf^), (2.10) 
for all E Ml. 

Now [11, Lemmas 2.3-6] shows that b' = b and that by rescaling if necessary, we can 
suppose that Oj, = a + kd + u + bd, and furthermore K = 0, i.e., V[k + 1,K] = 0. Thus 
(2.10) becomes 

Lij,x'^ ^ {a + {k + l)d + u + ij,b')x'^_^_^, LaXt, ^ {a + kd + u + bd)xl. (2-11) 

Since \^[/c-|-l, 1] is a SVir[Mi, s]-module of the intermediate series, there exists basis {y'^ \ A e 
s + Ml} of V[k + 1, l](i) such that 

(1.2a) holds for all jJi,^ E Mi, A, G s + Mi with the symbols x, y replaced 
by symbols x', y' respectively, and with a replaced by a + {k + l)d. 

By (2.8), LdV[k, l]^^) C V[k + 1, l](i). Thus we can suppose 

LdVx = cxu'x some ca G (P, A e s + Mi. (2-13) 

Then by [11, Lemma 2.3], there exists nonzero scalar c G (j7 such that 

c^^c{a^kd^\^d{b- ^)), VAgs + Mi. 
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Claim 2. One can choose a suitable simple SVir[Mi, s]-submodule V[k, 1] of V[k] such 
that L_dLdV[k,l] C V[k, 1]. 

Let W[k] be the direct sum of ALL simple SVir[Mi, s]-submodules V[k, 1] of V[k] of the 
same type: V[k, 1] = SAa+kd,b and let W^[A;+ 1] be the direct sum of ALL simple SVir[Mi, s]- 
submodules V[k + 1, 1] of V[k + 1] of the same type: V[k + 1,1] = SAa+(k+i)d,b- Then the 
above discussion shows that Ldiy[/c] C 1], and so we also have L_dW[k + 1] C W[k] 

by replacing d by —d in the above arguments. By Claim 1, Vr[/c], + 1] must have 

the same number, say, r, of composition factors. Choose a suitable basis {x^J\y'^J}.i, \ v e 

Ml, j = 1, ...,r} of W\}^ such that arg^'* is an eigenvector of L_dLd and 



L^X^ = {a + kd + i' + fj,b)X^+^, L^F^ = {a + kd + r] + fi{b - ^))Yf,+ri 
GxX, = G^Yr, = {a + kd + rj + 2X{b - ^))X^+r„ 



(2.14) 



where 















Y = 













, yiy e Ml, rj e s + Mi. 



(2.15) 



Then Claim 1, (2.11) and (2.13) allow us to choose a basis {x'y\ y'g_^_^, \ v G Mi, j = 1, ...,r} 
of V^^[A; + 1] such that 

LdX^ = (a + /cd + i/ + hd)X'^, LdYr, ^c{a + kd + r] + d{b - ^))Y^',, 

where X'^, Y^ are the similar notations as in (2.15), and such that (2.14) holds for k replaced 

by A; + 1 and X, Y replaced by X', Y'. Similarly, with d replaced by —d in the above 
arguments, we have 

L_dXl = {a+{k + l)d + u- bd)AX,, L_aY;^ = c'(a + {k + l)d + ri- d{b - \))AYr,, 

where A is some constant r x r matrix and c' e (I'\{0}. Thus we have 

L^dLdX^ ^ {a + kd + u + bd){a + {k + l)d + u - bd)AX^. (2.16) 

Since x'q^ is an eigenvector of L^dLd, on the first row of A, by (2.16), there is only one 
possible nonzero entry in the first position. If we choose 

V[k, 1] = spanc {xi'\yi2u 1 e MJ, 

then we see that L-dLdV[k, 1] C V[k, 1]. This proves our Claim 2. 

Now we can complete the proof of Theorem 1.1 as follows. Starting from k — ko and 
choosing V[ko, 1] as in Claim 2, by induction on k > ko, we can choose V[k, 1] to be the 
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simple SVir[Mi, s]-submodule generated by LdV[k— 1,1]. As in the proof of Claim 1, using 
L_dLdV[ko, 1] C \^[/co, 1], by induction on m, we have 

L,+mdV[k, 1] C V[k + m,l], Gx+mdV[k, 1] C V[k + m,l], (2.17) 

for all e Ml, A e s + Mi, m,k E Z such that k > ko, k + m > k^. Since F is a simple 
SVir[M, s]-module, it must be generated by V[ko, 1], thus by (2.17), 

dmiV}li^,d = dimK+A+fed = 1, ^ e M,, X e s + M,, k > ko- 

This shows that = 1, thus dimVi°t = 1 = dimV;^_^\ for all t/ e M, A e s + M with 

a + u^O^a + X, from this one sees that wc must also have dim\/j''^^j^ < 1, dimV"„^j[^-l^ < 1 
ifa + i/ = = a + A. Thus V must be a module of the intermediate series. 

§3. Generalized highest weight modules 

The aim of this section is to prove Theorem 1.2. This can be done by three lemmas 
below. We suppose n > 2 as for n = 1, the result follows from [10]. 

Lemma 3.1. Let y be a simple SVir[M, s]-module and let B — {di, d„} be any .^-basis 
of M. If 7^ V e y is a weight vector and k e Z+ such that L^v = = G^v for all 

n 

II e M^'') = e M I = ^ ruidi, all k < rrii e Z+}, 

i=l 

n 

X e m;^'^) = {Aes + M|A = J^n^di, all k<mie 

1=1 

then is a generalized highest weight module. 
Proof. Take 

i n 

d[ = ^{k + i — j + l)dj + k ^ dj, i ^ 1, n. 

j=l j=i+l 

It is straightforward to check that the determinant of coefficients of {di, is 1, thus 

B' — {d'l, d'^} is also a .^-basis of M. Now for any 

n 

^ = ^m'idl e M^?^ (so all m- > 0, at least one m- > 0), 

i=l 

we have /i' — J27=i ''^A with all coefficients 

i—l n 

rui ^ k'^m'j + ^{k + j + 1 — i)m'j > k, 

j=l j=i 

i.e., e thus L^/v — 0. Similarly, for any 7^ A' e M'^?\ we have Gx'V — 0. Hence 

by definition (cf. (1.3)), v is a generalized highest weight vector and F is a generalized 
highest weight module. | 
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Lemma 3.2. Fix a .^-basis B = {di, dn} of M. Let 

n 

A = {i^ e M\i^ = Y^TTiidi, all rui e {-1,0, 1}}, 

i=l 

A' = {A e s + M| A = all rii e {-1,-^,0,^,1}}, 

i=l 

be two finite sets. For any = J^i^i ^idi G M, let 

^^ = {i/eM|i/-//eA}, A|, = {Aes + M|A-/xe 

and let C be the Lie super-subalgebra of SVir[M, s] generated by {Ly \ v e U {Ga | A G 
^4^}. Then there exists a -^-basis 5' = {d^, c?^} of M such that 

L D SVir[M, s]3^ = {L^, Ga k e A e M^^,^^} for some k e 

Proof. If necessary, by replacing di by —di (this does not change the sets A, A', neither do 
jC), we can suppose rrii > 0, i = 1, ...,n. First suppose that mi ^ 0, m2 7^ 0. Take 

m2 — 1 n 

c?'i = m2H+di = {n + di) + ^ /i = (mim2 + l)(ii + m2(i2 + X] ^2^iC?i, 

i=l 1=3 

mi — I n 

d'2 = mi//-d2 = (a* - c?2) + X! ^ "^1^1 + {mim2 — 1)^2 + ^mirriidi, 

1=1 i=3 
m2 — 1 

= d'l + di = + ^ i = 3, 

i=l 

We can easily solve di,i = l, ...,n, as an integral linear combination of B' = {d[, ...,d'j^}, so 
B' is a ^-basis of M. From the second equality of d'^, we see Lfi', & C, i — 1, ...,n. For 
example, 

7712—2 

[L^, [L^, L^+dJ...] (m2 - 1 copies of L^) = oL^/^, where a = H (^A* + ^1) ^ 0' 

i=0 

SO that the left-hand side is in jC, thus L^'^ e jC and so {L,^ | v e M^?^} C jC. Similarly, 

{Gx I A e M^^/^-*} C Next suppose that some = 0, 1 < i < n, say, mi = 0. Take 

d'l = + di, d[ — d'l + di — iJ, + di + di, i — 2, n. 

Then as above 5' = (cii, d'J is a ^-basis of M and Syir[M]J^°^ C £. | 

Lemma 3.3. A simple weight SVjr[M, s]-module V with dimensions of weight spaces not 
uniformly bounded is a generalized highest weight module. 
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Proof. Suppose conversely that V is not a generalized highest weight module. For any 
fj, e M, let A, A', A^, A'^, C and B' be as in Lemma 3.2. By Lemmas 3.1 and 3.2, for any 

^ V G V , we have SVir[M, s]^g)v ^ 0, thus, L^v ^ for some e or Gxv ^ for some 
A e A'^, i.e., 

n ker(L.|,.)n fl MGaIv) = 0. 

In particular, 

( ^.0 GA)|v_ : - K+.0 K+A, 

is an injection. Therefore, dimV"a-^ < -/V, where 

= ^ dimK+v + dimK+A, 

is a fixed finite integer since both A and A' arc finite sets. As £ M is arbitrary, this 
proves that V is uniformly bounded, a contradiction. | 

Now Theorem 1.2 follows from Lemma 3.3. 
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